INFINITE CLASS TOWERS FOR FUNCTION FIELDS 
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Abstract. This paper gives examples of function fields Kq over a finite field of p 
power order ramified only at one finite regular prime over Fg(t), which admit infinite 
Hilbert p-class field towers. Such a Kq can be taken as an extension of a cyclotomic 
^~>' function field ¥q{t){Xpm) for a certain regular prime p in ¥q[t]. 
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1. Introduction 



E"' ■ Let K = ¥g{t) be a function field of one variable over the finite field ¥g of q elements, 

^ ! where g is a power of a prime p. Let A = ¥q[t] be the ring of integers in K, integral away 

^ I from oo in K. Let Kq be a finite separable extension of K. Denote by Skq fhe set of all 

• infinite places in Kq. For i = 0,1,2, ... , take the maximal abelian unramified p-extension 

Ki^i of Ki in which all infinite places split completely. If there are no integers i > such 
that Ki = Ki+i, we say that Kq admits an infinite Hilbert {p, Skq) -class field tower. For 
any multiplicative abelian group A, denote by dp{A) = dimYp{A/A''') the p-rank of A. For 
^ ■ a function field F, denote by Op the ring of integers of F integral away from all infinite 

Tjj- ■ places and denote by Op the group of units in Op- Also denote by Clp and Clp the ideal 

'nI" ! class groups of F and Op respectively. Schoof showed in ^ScJ that Kq admits an infinite 

Hilbert {p, Sko)-cIslss field tower if dpiClKo) is big enough, i.e. 

O 
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dp{ClKo)>2 + 2^/dp{Oj,^j 



or if the number p of ramified primes in Kq/K_i, an intermediate cyclic extension of 
degree p of Kq/K, is big enough, i.e. 



p>3 + dp{0*j,J + 2^dp{0*^^) + l, 

given that the set Skq is stable under Gal (A'o/-ft'-i). This paper will give examples of 
extensions Kq of cyclotomic function fields K{Xpm) that admit infinite Hilbert {p,Sko)- 
class field towers, where dp{ClK(\^m)) = and there is only one finite prime ramified in 
Kq/K, whereas dp{0*j^^) is very big. 

Let K"''^ be an algebraic closure of K. For any f E A and u G K"-'^, Carlitz defined 
in |Calj and [Ca2j an action = f{ip + fi){u), where cp : K"''^ — )■ K"''^ is the Frobenius 
automorphism u ^ u'^ and p : K""^ — )■ K""^ is multiplication by t. This action gives K"''^ 
an A-module structure. The set of /-torsion points Aj := {u G K"-'^\u^ = 0} is a cyclic A- 
module. Denote by A/ a generator of Aj. The function field K{Xf) obtained by adding all 
/-torsion points is the cyclotomic function field for /. An irreducible p G A is defined to 
be regular if p f \ClK{\f,)\ and irregular otherwise. If p is very irregular, thus dp{ClK{\m)) 
is big, then Schoof 's theorem shows that K{\pni) will be very likely to admit an infinite 
Hilbert class tower. The examples Kq in this paper, which have infinite Hilbert class 
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field towers, will be extensions of cyclotomic function fields K{Xpm) with certain regular 
irreducibles p and positive integers m. The main theorem is: 

Theorem 1.1. Letp be an irreducible in ¥q[t]. Suppose there exist a cyclotomic func- 
tion field K{Xpm) = Fg(t)(Apm) for some m G N and a cyclic unramified Galois extension 
H/K{\pm) of prime degree h ^ p, in which all infinite places split completely, which 
satisfy either of the following two conditions: 

(I) p I \CIh\, p\\ClKix,^)\ and fl^ - 4/,,, > 

(II) p \ \CIh\ and h > + 4^ 

where fp^h is the order of p in {'L/h'L)* and V5(p™) = q'''^ — g'^^™"^) with d = deg(p). Then 
there is a function field Kq ramified only at p and oo over Fq(t) that admits an infinite 
Hilbert {p, Skq) -class field tower. 

As an application we will show: 

Theorem 1.2. There exist extensions Kq over cyclotomic function fields K{X 
ified over¥g(t) only at one regular finite prime p G ¥q[t], which admits an infinite (p, Sko)- 
class field tower. 



2. Infinite class field towers 

Let K{Xprn) = Fq(t)(Apm), and let if be a cyclic unramified Galois extension over 
K{Xpm) of prime degree h, where all infinite places split completely. Denote by OK{x^m) 
and Oh the rings of integers of K{Xpm) and H, integral away from the infinite places. 
Also denote by ClK{\m) and CIh the ideal class groups of Cx(Apm) and Oh- 

For any profinite p-group G, let hi = dp{W {G , Z / pZ)) for all i > 0. Recall Safarevic- 
Golod's theorem (Theorem 2.1 of [Sc]), which says that if G is a non-trivial finite p-group, 

then h2 > We will use the Safarevic-Golod theorem for the proofs of Propositions 12.11 
andm 

Proposition 2.1. Under condition (I) in Theorem \l.l\ the function field H has an 
infinite Hilbert {p, SH)-class field tower, where Sh is the set of infinite places in H. 

Proof. Since p||C//f|, we can pick a degree p cyclic unramified extension Mq/H in which 
all infinite places split completely. Condition (I) says p \ \ClK{Xpm)\- So {p,h) = 1. 
Take the Galois closure Mq of Mo/K^Xpm), which is the composite of all conjugates 
of Mo over K{Xpm). The Galois group Gal (Mo/if) is of the form (Z/pZ)' for some 
I G N, and Gal [Mq/ K{Xp,n)) ^ (Z/pZ)' x Z/hZ. The semi-direct product gives a non- 
trivial homomorphism Z/hZ GLi{¥p) = Aut((Z/pZy), soh\\ GLi{¥p)\ = (p' - l){p^ - 
p) ■ ■ ■ (p' —p^~^). Then h \ (p* — 1), for some i <l, i.e. = 1 mod h, and the order of 
p in {Z/hZy divides i. Thus fp^h < < ^- Also there are / linearly disjoint cyclic degree 
p unramified extensions of so hi = dp{H^{G,'L/p'L)) > I, where G = Gal(f2i^/if) is 
the Galois group of the maximal unramified p-extension Qh of H where all infinite places 
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split completely. Therefore fp^h < ^ < ^ < ^i- Since fp^h > 4 by condition (I) and the 
function — 4x is increasing on x > 2, we have fpi^^ — '^fp,h h\ — Ahi. If were finite, 
the Safarevic-Golod theorem would imply that hf — 4hi < 4/i2 — 4/ii. Also by the proof 
in Theorem 2.3 in [Sc] we would have h-^ — hi< \Sh\ — 1- Thus 



flh - ^fp,h <hl- 4/ii < Ah - 4/ii < 41^^,1 - ■ 



q-1 

in contradiction to condition (I). □ 

From now on we will focus on the case under condition (II) in Theorem 11.11 We know 
the principal prime ideal (Apm) in /^(Apm) above p splits completely as (Apm) = ni=i Pi 
the subfield H of the Hilbert class field of K{Xpm). 

Proposition 2.2. Assume p\ \CIh\, then for any pi in H above p there exist integers 



k such that p\\Cr^\, where Cf^ is the ray class group of Oh for the modulus pf. 

Proof. For any integer A; G N, we have the following exact sequence from class field theory 
(Proposition 1.1 in |Au] ) 



* 



where is the group of units outside Sh, the set of all infinite places in H. Consider 
the p-adic completion Kp of K = ¥q{t) at p and the pj-adic completion Hp. = i^'p(Apm) of 
H at pi. Denote by Ojj^ and pi the valuation ring in Hp^ and its maximal ideal. Denote 

by Up^ = {m G Hp.\vp.{u) = 0} the unit group in C^^- and denote by L^pf"* = 1 + pf the 



fcth one-unit group. The kernel of the first map is O^^ = {u E Og^\u = 1 mod pi}. Now 
take the projective limit of the exact sequence (*), 

1 ^ lim 0*sJO^l ^ lim UpjU^';^ ^ lim c4 ^ CIh ^ 1. (**) 

Now lim^ Upjui^^ ^ f/p,. Proposition II.5.7 in [Ni] says Up^ ^ Z/(g - 1)Z © Z^. On the 
other hand, lim^ Cg^/O^^ = lim^ C's^/^Sh ^ ^Sh/^'sh- ^^^^ ^ nature inclu- 
sion i : 0*s^/0^'^ ^ {OH/piY = F;. As for lim^ O^'^/Ol^^, it is the pro-p-completion of 
O^g^. The Zp-rank of lim^ ^'sh^^'sh most the number 15*^1 — 1 of generators of Og^, 
which is ^^-^^7]-^. Also a strong form of Leopoldt's conjecture is proved by Kisilevsky in 
[Ki] for function fields, which says the \Sh \ — 1 generators of Og^ are also multiplicatively 

independent over Zp in the completion. So we have plj^py, thus p||C/j|}| for sufficiently 
large k. □ 

By Proposition 12. 21 above, we know p \ \CIh \ for some integer k. Since p does not divide 
the class number |C/iy|, there exists a degree p extension Hi of H ramified only at pi, 
where all infinite places split completely. So Hi/H is an Artin-Schreier extension and Hi 
is of the form H{yi) where yi — yi = Xi with Xi G H. Since Hi/ H is only ramified at pi. 
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we may assume that Vp-^{xi) = —m < and fq(xi) > for q 7^ pi. The conjugates Hi 
of Hi over K{Xp,n) are degree p extensions of H ramified only at pi, and they are of the 
form Hi = H{yi) with — Vi = Xi, where Xi E H and Vp^Xi) = —m < and fq(xj) > 
for q 7^ pj. Consider the extension L = H{yo), where Vq — yo = xi + X2 + ■ ■ ■ + Xh- So 
I/O = Z/i + Z/2 H ^Vh- 

Lemma 2.3. The extension L{yi)/L is unramified for 1 <i < h. 

Proof. Let M = H{yi, ■ ■ ■ ,yh)- We will show M/L is unramified. First we consider the 
discriminant of Hi/H, which is only ramified at pj. Since Hi = H{yi) and yf — yi = Xi 
with fp^(xi) = —m, the discriminant of Hi/H Sffi/n = (pj)''^^^-"'™^^''. Now consider the 
discriminant of the compositum M/H. For each 1 < i < h, Hi/H is ramified only at 
pi, so these extensions are linearly disjoint. The extension M/H, being the compositum 
of these extensions, has discriminant Sm/h = Y[i=ii^H,/Hy ^ = ni=i(P')^ •(p-i)(™+i). 
Next we consider the discriminant of L/H. We have L = H{yo) where y^ — yo = xq, the 
valuation Vp^{xo) = Vp.{xi + X2 + ■ ■ ■ + Xh) = —m and Vc^{xq) > for any q f p. So the 
discriminant S^/h of L/H is Y[i=iiPi)^^'^^^™'^^^ ■ the tower of extensions M/L/H, 

JJ(p^)P-Mp-i)(n.+i) = Sm/h = Siy^ ■ N„n{5M/L) = {f[{p^)^'-'^^-^'Y" ■ N„h{5m,l). 

i=l i=l 

Comparing these two equations, we get 5m/l = 1, i-e. M/L is unramified. 

□ 

Proposition 2.4. Under condition (H) in Theorem the function field L admits 
a {p, Sl) -infinite class tower, where Sl is the set of infinite places in L. 

Proof. Let be the maximal unramified pro-p extension of L where all places in Sl 
split completely, with Galois group G = Gal{QL/L). We claim Ql/L is infinite. Suppose 
otherwise VLl/L is a finite extension. Then G is a finite p-group and VLl admits no 
cyclic unramified extensions of degree p, in which all infinite places split completely. Let 
hi = dp{H^{G, Z/pZ)) for all i > 0. By the proof of Theorem 2.3 in [Sc] we have 

p-<^{p"')h 



(2.5) h2-hi< \Sl\ - 1 < 



q-l 



By Lemma [2^3} we have h linearly disjoint unramified p-extensions L{iii) over L, so hi > h. 
By the Safarevic-Golod theorem for function fields (Theorem 2.1 in [Sc]), we have /i2 > ^• 
Condition (II) says ^ is a prime with h{> +4) > 4. Combining all the inequalities 

and the fact that the function — 4x monotonically increases with x if x > 2, we have 

— - h< — -hi<h2-hi< — , 

4 4 9 — 1 

which implies h < "^^'^J;*^ + 4, contradiction. □ 

Combining Proposition 12.41 and Proposition 12. we can conclude Theorem 11.11 in the 
introduction. 
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Remark 2.6. Under condition (I), we take Kq to be the cyclic unramified extension H 
over K{Xpni) . Under condition (II), we take Kq to be the degree p Artin-Schreier extension 
L of H . Notice p \ |C/x(Apm)|; i-e. dp{ClK(\ra)) = in condition (I) and p \ \CIh\, i-e. 
dpiClu) = in condition (II), so Schoof's argument cannot be applied to K{Xp,n) and H 
respectively. 

3. Examples for small values of deg(p) 

As a consequence of Theorem 11.11 we will verify in the case of a small m that an 
extension Kq of the cyclotomic function field K{Xpm) has an infinite (p, S'xo)-class tower 
for a certain regular prime p G A. Denote by K{Xpm)^ the maximal subfield of K{Xpm) 
in which 1/t splits completely. Denote by and the ideal class number \ClK{x^m)+\ 
and \ClK{x^m)+\, and define the relative class numbers 

h := ; h := . 

h+ h+ 

\^ 1 — 1 ~ 

Rosen showed in |Roj that /i^ = (g — 1) ^'^p"*)' ■ h^, where SK{x^m) is the set of infinite 
places in if(Apm). So for a prime h such that gcd(/i, q — 1) = 1, and has the same 
divisibility. 

We first consider the case m = 1, i.e. the prime cyclotomic function field case. The 
values of h in the following table are factors of the relative class numbers h~ of cyclotomic 
function fields K{Xpm), which are obtained through the class number table in ^Sj. Also 
all computations of the order f(p^h) of p in (Z//iZ)* are done by |PARI2j . 



p 


h 


fp,h 


2 + 2t + 


63648628175761 


31824314087880 


2 + t + t* 


532611841 


88768640 



Corollary 3.1. The cyclotomic function field in Theorem \l.l\ can be taken as¥ q{t){Xp) 
where g = 3 and the prime p = 2 + 2t + or 2 + t + . 

Proof. In the case p = 2 + 2t + t"^, the relative class number of K{X2+2t+f^) is 2^^ ■ 
17 • 97 ■ 63648628175761. Let H he a. subfield of the Hilbert class field of K{X2+2t+ti) 
with Ga\{H/K) = Z/63648628175761Z. When 3 | \CIhI condition (I) in Theorem O is 
satisfied since 2+2t+t^ is regular by the table in [IS] and /3,63648628i7576i = 31824314087880 

• X, f2 At \ 4-63648628175761 (3*-l') i q > \r^i | m\ 
thus /3,63648628175761 -4/3,63648628175761 > 2 ^ ™^ 3 f |C/h|, Condition (II) 

in Theorem 11.11 is satisfied since h = 63648628175761 and thus h > i^gbil = 434. 

In the case p = 2 + 1 + 1^, the relative class number of K{X2+t+t*) is 2^^ ■ 241 ■ 641 ■ 881 ■ 
532611841. Let H he a subfield of the Hilbert class field of Klx2+t+t^) with Gal (H/K) ^ 
Z/532611841Z. When 3 | \CIh\, condition (I) in Theorem O is satisfied since 2 + 1 + 1^ 
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is regular by the table in [IS] and /3,5326ii84i = 88768640 thus /3%326ii84i " 4/3,532611841 > 
4-5326ii84i (3 -1) . ^Y^en 3 f |C*^//|, condition (II) in Theorem 11.11 is satisfied since h = 
532611841 > ±3i3^ ^ ^ ^ ^g4_ 

□ 

Next we apply Theorem 11.11 to the case m > 1 and the degree d = deg(p) = 1. Since 
d = 1, we may assume p = t. The following values of h are factors of the relative class 
numbers h~ of cyclotomic function fields K{Xpm)^ which are from [GSj . 



m 


Q 


h 


fp,h 


(/p^,.-4/m)-(^) 


h (4f^(P'")+4) 


2 


7 


118147 


39382 


1547476280 


11647 


2 


11 


19031 


19030 


361227416 


18543 


3 


5 


821 


410 


84360 


317 


4 


3 


379 


378 


100440 


51 


5 


3 


5779 


5778 


31489776 


4803 



Corollary 3.2. The cyclotomic function field in Theorem \l.l\ can he taken as ¥'j{t){\i2), 
¥n{t){\t2), F5(t)(At3), F3(t)(At4) and¥^{t){\t,). 

Proof. From the table of the class numbers and h~ of Fg(t)(Atm) in |GSj . we know in 
all above cases t is a regular prime, thus p \ \Cl¥^{t){\m)\- To apply Theorem ll.il we just 
need to verify the two inequalities f^ y^ — 4/p /j > ^^ "^^-^ ^ and h > ^^'^^ •* + 4, which are 
shown to be true in the table above. □ 

Corollaries 13.11 and 13.21 complete the proof of Theorem 11.21 
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